Measuring Boltzmann’s constant using video microscopy
of Brownian motion

Paul Nakroshis,® Matthew Amoroso, Jason Legere, and Christian Smith
Department of Physics, University of Southern Maine, Portland, Maine 04104-9300

(Received 29 July 2002; accepted 6 December 2002

Boltzmann’s constarit was measured by observing the Brownian motion of polystyrene spheres in
water. An inexpensive monochrome CCD camera and video card were used to create a video of the
spheres’ motion. After preprocessing the images, custom routines were used to examine the video
and to identify and track the particles from one frame to the next. From the mean squared
displacement of the particles versus time, we extracted the valkiéroin the slope, assuming that

the drag force on an individual sphere is well modeled by Stokes’ law. By averaging over 107
particles, we obtained= (1.415+0.04)x 1022 J/K. © 2003 American Association of Physics Teachers.
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[. INTRODUCTION work of Refs. 9 and 11. Our setup is relatively inexpensive,
the most expensive item being the Labviéwoftware used

Brownian motion was first systematically observed by thelo track the particles. _ _
botanist Robert Brown in 1827 and refers to the random We will provide sufficient information about the experi-
motion of colloidal particles suspended in watdn 1905, mental setup to allow the reader to incorporate it into an
Einstein argued that this motion is direct evidence for the!PPer level undergraduate laboratory course. We also discuss
atomic nature of matter and that the mean square displacé&atures of the experimental design that are necessary to con-
ment of colloidal particles is the primary observable Sider in order to avoid hydrodynamic sphere—wall couplings
quantity’~* Because of the then recent invention of the u|_and sphere—sphere couplings that could significantly alter the

tramicroscope, Perrin was able to make precise measur&XPerimentally determined value férif not taken into ac-

ments of submicron particles and confirm almost all of Ein-cOUnt.

stein’s predictions for which Perrin was awarded the Nobel

Prize in physics in 1928° Einstein's and Perrin’s efforts

helped raise the status of atoms from useful hypothetical obd. THEORETICAL PICTURE

jects to objects whose existence could no longer be denied. . i )

Brownian motion is relatively easy to observe with a light 10 understand the motion of a colloidal particle, we note
microscope, but until the advent of video and computerthat each water molecule experiences abodf @llisions
technology, it has been difficult to make quantitative mea- P€r second. Hence, when we image the particle positions
surements of the motion of colloidal particles. Because ofVith even the fastest video cameras, each particle will have
these recent technological advances, research into the dyndergone millions of collisions between images, and we can
namics of colloidal particles is now common. Typically, such effectively treat the particle motion from one frame to the

work entails the use of expensive- 10 000) microscopes NEXt @ a sequence of independent events. .
and video systenfsas well as extensive processing of thou- We first derive the ensemble average square displacement

sands of images to obtain a sufficient statistical sample sizfor particles S‘.’bllgfj to rando_m |mpulses and a dissipative
rag force—uX.”~" In one dimension, the mean squared

for research quality results. These factors have made unded. | tis ai b

graduate laboratory experiments on Brownian motion rare: ISplacement IS given by

Aside from Refs. 9 and 10, which discuss a demonstration of ~ d(x?) 2kT

Brownian motion and the manual tracking of the particleson ~ — g = 7 @

a video monitor, we found only one other published under- ) . o ]

incorporates video capture technology, but both Refs. 9 angPherical particles of radiues, we use Stoke’s law to writg

11 track only 20 particle¢due to the tedium of the manual as

tracking of particles via acetate overlays or mouse clicks w=6mna, )

resulting in relatively large uncertainties in the mean square . ] ) . . ]

displacement of the suspended particles. Reference 10 us@§ere 7 is the viscosity of the fluid, and is the particle’s

hundreds of individual displacements and their distributionradius.

but does not keep track of the cumulative mean squared dis- Because there is nothing special about the motion irxthe

placement as we do. direction, we expect the mean squared displacement in two
In this paper, we describe an upper level undergraduat@imensions to have a similar form

laboratory experiment in which automated computer based 4kT

video microscopy of 1.02xm polystyrene spheres is used to (R%)=

obtain an estimate of Boltzmann’s const&nivhich is good

to within 5%. Our results are based on tracking 107 spherellence, by plottingR?) as a function of time, we expect a

at 5 Hz for a total of 12.8 s—significantly more data than thestraight line through the origin whose slope can be used to

St &)
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Fig. 2. lllustration of slide mounting system. The gasket was a self-stick
hole reinforcement with thickness gam.

I reduce the effects of vibration. We connected the output of
Frosted IR

/ . the CCD camera to a XClaimVR video capture c&tdhich
absorbing glass : : : :
s included software to allow us to observe images in real time
L Soibothame Dads and make QuickTime video;. '
for vibration To observe Brownian motion, we used 1.Qéh diameter
. —— polystyrene microspheres from Bangs Laboratoffe$he
- - spheres come suspended in wated @an5 ml volume (the
smallest quantity availableprovides an ample number of
Fig. 1. Schematic of microscope setup. The output of the CCD camera goespheres to prepare thousands of samples for viewing. In fact,
to the XClaimVR capture card. the sphere density was so high that we had to dilute a small
quantity by a factor of 200 so that the spheres did not collide
too frequently with each other. We found that after sitting
obtain Boltzmann's constark. Equation(3) also is com-  overnight, the spheres tended to settle out of suspension and

monly written as aggregate; by inserting an ultrasonic probe into the sample,
(R?)=4Dt 4) we were able to successfully disperse the solution. The

' spheres appear to be unharmed by this procedure.
whereD =kT/67na is the self-diffusion constant. We created a custom observation cell by placing a self-

Another method of determinink relies on examining the sticking plastic hole reinforcemerihormally used to rein-
distribution of step lengths for many particles in thery  force 3-hole punched papesnto a I'x 3" microscope slide
directions (Ref. 18. The probability density for finding a (Fig. 2). One drop of the microsphere solutigfrom the

one-dimensional displacemeftis needle 6a 3 ccsyringe was placed on a cover slip and the
cover slip was inverte@he drop adheres via cohesive forces

_ 1 a2 to the glaspand placed on the glass slide in the center of the

270 plastic reinforcement. The cover slip was gently pressed and

= . L .. a seal was formed between the gasket, the slide, and the
whereo=y2D7 andr is the time interval between position cover slip. We observed the slide on the computer using the

measurements. Therefore, we can obfifand hencé) by  gottware that came with the video capture card. If the sample
fitting Eq. (5) to a normalized histogram of the step lengthsexhipited any evidence of a coherent macroscopic oscillation

of the spheres. or flow, we discarded the slide and make a new one. Our
experience is that if an air bubble is visible in the central
I1l. EXPERIMENTAL METHOD circular area, there will be visible flow which will make the

data from such a slide unusable. Although we have not quan-

We used an inexpensive American Optical Spencer Microtitatively studied the motion in such a slide, our qualitative
scope, which comes with a binocular head which we regbservation is that the fluid appears to oscillate, and we
moved and used the included video head to mount a 648peculate that the trapped air bubble acts like a spring and
X 480 pixel monochrome CCOWatec-502A. A c-mount  induces macroscopic oscillations in the fluid that are observ-
extension tubdavailable from Edmund Scientifiégs needed able by watching the spheres.
to adapt the camera to the video head. The image from the Once we have an acceptable sample, we make several
45X objective lens is directly imaged onto the CCD. We QuickTime videos of the motion. To insure the best image
calibrated the image using a 15000 lines/in diffraction grat-quality, we do not use any compression and save the videos
ing and obtained values of 5.024m/pixel (horizonta) and  in tiff format. Some amount of experimentation with the mi-
5.031 um/pixel (vertical). To minimize the thermal heating croscope illumination level is needed to get the best image
of our samples, we used a piece of infrared absorbing glaszontrast; we found that the QuickTime videos end up darker
(from Edmund Scientificand placed it below the condens- than the real time display on the monitor would suggest. The
ing lens of the microscope. To improve the uniformity of the data in this paper was sampled at 5 frames/s for a total of
illumination, we first frosted the infrared glass by grinding it 12.8 s. We made four slides and made three videos of each
with 220 grit silicon carbide abrasive. Figure 1 shows theslide for a total of 12 videos. However, we found that the
microscope setup, which includes sorbothane pads to helideos based from slides one and four had an excessive drift,

569 Am. J. Phys., Vol. 71, No. 6, June 2003 Nakroséiisal. 569



and we discarded these six data runs. The remaining two
slides left us with six videos constituting a total of 142 Mb of
video data.

(a)

A. Hydrodynamic effects

We use the gasket method outlined in Sec. Ill so that we
can minimize the hydrodynamic coupling of the spheres to
the slide and to the cover slif:*® For a single sphere of
radius a far from two parallel walls, the modified self-
diffusion constant is given by

9a/1 1

X1 Xz

D'=D|1 (6)

wherex,; andx, are the distances from the sphere to the two . °
walls. We used the micrometer adjustment on the microscope . .

to insure that the focal plane is in the middle of the observing . .
cell. Hence, the 0..um radius spheres we observe nominally . . .
sit at x;~x,~40 um from the cell walls, and from Ed6) . .

we find that the self-diffusion constant is systematically re- o % .
duced by=~1.4%. We will therefore need tocreaseour .

measured value df by this amount to compensate for this o

effect. . .

We used a dilute suspension of spheres so that we can ' o -
minimize the effects of sphere—sphere interactions. This ef- . ) e
fect is quantified by the parametgrwhich is the ratio of the
center to center separation distancefo the sphere radius, Fig. 3. Raw imagda) of 1 um spheres and the processed imégeresult-

a. As discussed in Ref. 18, the dominant effect on the selfing from subtracting the background, smoothing, and adjusting the contrast.
diffusion constant is along the line connecting the centers of
two spheres, and is given by

) 5 6 that it was difficult to remember which particles were tracked
Dy=D|1- yyeal Olp™) |- (7)  and the order in which they were chosen. The second disad-
- ) vantage to this method is the shear tedium of tracking the
The average sphere separation in our slides was greater thggrticles by hand. For instance, if the data in this paper was
3 diameters and hence this sphere—sphere coupling results gitained by VideoGraph, we would have had to execute
a 0.02 percent correction to the diffusivity, which we ig- 848 mouse clicks.
nored. The correction to the diffusion perpendicular to this Because of the limitations of VideoGraph, we automated
center—center line is order ® and is negligible for the pur-  the extraction of data from the QuickTime videos. Our

poses of this experiment. method involvesa) preparing the videos for processing by
subtracting the background, improving the image contrast,
B. Data extraction and saving each video as a sequence of images(bafithd-

ing the positions of all particles that can be tracked from the

There are two general methods for extracting the dat#eginning of the video to the end.
from the Quicktime videos. The first involves a manual We prepared each video for processing by eliminating the
method such as the program VideoGrapland we used it  effects of nonuniform illumination and other fixed image de-
for the initial development of our experiment. With Video- formations (such as nonuniform CCD pixel sensitivity or
Graph, one opens a QuickTime video, calibrates the imagejust specks on the CCD windowTo accomplish this, we
and then specifies how many objects to track. Then, on theade a short video of a blank slide under the same illumi-
first frame of the video, one manually centers the cursor ovenation conditions as the real samples. We used the freeware
each particle and clicks, repeating for as many particles asrogram Image? to open this short video and averaged the
are being tracked. When finished, the program advances tpames together to create a background image that we then
the next frame, and the process is repeated through the lastibtracted from each frame of every video. We then autocon-
frame of the video. When done, VideoGraph displays a tablgrasted the video, applied a mean filt8rpixel radius, which
of x andy positions which can then be analyzed. is about the size of a sphere in our imggmade a manual

The VideoGraph analysis is useful primarily because it isadjustment to the contrast and brightness in the video, and
easy to implement. We can obtain a small data set to analyzben saved each video as a set of sequentially numbered im-
relatively easily. However, there are serious disadvantagesages. The mean filter serves to blur details smaller than the
First, we need to remember the positions and the order isize of one sphere, as well as further blur the images of out
which the particles were clicked. Each particle must be choef focus spheres. Figure 3 shows an image before and after
sen in the same sequence from one frame to the next if thiis processing.
data for each particle is to be meaningful. Practically speak- Our custom LabView routiné$ operated on sequentially
ing, this requirement limits the number of particles that onenumbered imagesfor instance frame001, frame002, ¢ic.
can track to about 5 or so. Any more than this, and we foundecause each particle’s image is circular, our routine simply
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searches for all circles in the image and defines the particle
position as the coordinate of the center of the circle. The
difficult part of this process lies in tracking particles from 20
one frame to the next. We use very conservative constraints

to link particles into trajectories; we eliminate any particles \
that come within seven pixel(4.4 um) of each other, and we 15
eliminate any particles that travel more than seven pixels
between frames. These numbers are based on theoretical e> §
pectations for the Brownian motion of Am spheres and
would have to be adjusted for different diameter spheres. % 10

Because some of the spheres collide with or are stuck to
other spheres, the first constraint has the effect of limiting
our data to isolated particles. Because particles occasionally  5—
move far enough out of focus to disappéar spontaneously
appear when previously absgnthe second constraint pre-
vents us from identifying a particle that disappears with one
that simultaneously reappears close to, but unphysically far
from, the disappearing particle.

After processing a video, our LabView routines produce a
text file for each frame of the video. The columns are: hori-rig. 4. Mean square displacement for 107 polystyrene spheres of diameter
zontal position, vertical position, and radi(all in pixels), 1.02 um. Also shown are the average horizontal and vertical displacements,
and particle areéin square pixels Each time a new particle as well as a linear fit to the avera§® data. This fit is constrained to go
is detected, a new row is added. If a particle disappears, through zero. The slope of this fit &=1.836+0.02 um?/s.

x andy positions, the radius, and the area are set to zero.

Hence, the number of rows in each text file must either stay

the same or increase as successive frames are analyzed. The _

last remaining piece is to sort through these files and extract 7=936= 15 uPas. (D
the desired particle trajectories. To simplify this analysis, weWe also have that

=

E
=
A
v

(urd) <£> ‘<x>

Time (s)

select only those particles that are present in every frame of a=0.51+0.01 um, (12)
the video.
T=296.01+0.3 K, (13
IV. ANALYSIS s=1.836+0.02 um?/s. (14)
A. Determination of k from the root-mean-square We convert the above values to S| units and substitute them
displacement into Eq. (10) to obtain
We read, analyze, and plot the data from LabViéw k=(1.395-0.04x10 22 J/K (uncorrected, (15

VideoGraph with the scientific graphics package IgorPfo.
We subtract off the initiak andy positions for each particle, tional uncertainties in quadrature:
so that for theith particle at timet, we haveAx;(t) =x;(t) '

—xi(0) andAy;(t)=y;(t)—y;(0). Thesquare displacement Ak\? [An\? [Aa|? [As AT\?
of theith particle at timet is therefore ) T\ ) V) s T

[AR (1) 12=[Axi(1) ]2+ [Ayi(1)]> (8)  However, because of the hydrodynamic effects of the parallel
falls on the spheres, we have to increase this estimate by

where the uncertainty ik was obtained by adding the frac-

2

+ (16)

To obtain Boltzmann’s constant, we need to plot the mea
squared displacement versus time, so we calculate the tim
dependent quantity k=(1.415+0.04x 10" J/K (corrected. 17

N

.4%, which yields a final value fd«:

5 5 As a quantitative check of the data, we also calculated the
(R >ENZ [ARi(t)]%, (9 mean horizontal and vertical displacements of the particles
=t as functions of time, that is,
whereN is the number of particles tracké@i07 in our case
Figure 4 shows our data.
From the slopes shown in Fig. 4, we use E¢3) to obtain Table I. Viscosity of water as a function of temperature as taken from the

Boltzmann'’s constank, 1991-1992 CRC Handbook of Chemistry and Phy&Rsf. 23. We fit this
data to an exponential to obtain a value for the viscosity at 22.86 °C.

67 nas

k= 4T - (10 Temperature Viscosity
- . L . . (°C) (uPas

The coefficient of viscosity is a nonlinear function of tem-
perature, so we used data from the CRC HandEﬁ)urkap— 0 1793.0
proximate the viscosity at the temperature of our sample 10 1307.0
(22.860.03°C). We fit the data shown in Table | to an gg 1385:?

exponential between 10°C and 40 °C and interpolated it to 40 653.2
obtain the value shown in Eql1),
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Fig. 5. Simulated data based on a mean step length of ght&very 0.2 s.
This step length is based on the slope obtained in Fig. 4. Step Length (um)

Fig. 6. The distribution of step lengths for all 107 particles. The time inter-
val between measurements is 0.2 s. The bin width igi2 A Gaussian fit

<AX>E%iZNl Ax;(t) (;fo.tggﬂf;g/ns. listed in Eq.(5) yields a diffusion constant of 0.396
and
1 N Therefore, this method yields a value for Boltzmann’s con-
(Ay)=5 2 A¥i(D. (18  stantof
67 na _
As N approaches infinity, we expect these averages to ap- k= —F—D=(1.22-0.1§x10 2 JIK, (21)

proach zero for all times. Figure 4 shows that the average ) ) ) )
horizontal and vertical displacements are not identicallywhere the uncertainty has been obtained by adding errors in

zero, so we need some method of deciding if these displacéiuadrature.
ments are consistent with zero drift. Although this value ok is somewhat low, it is consistent

To do so, we wrote a prografin Igor Pro to simulate a  with the accepted value of 1.38107 22 J/K. To check
zero drift random walk with the same number of randomwhether this low value was due to a short time step, we
walkers and steps present in each slide. We used the slopsoked at distributions for longer timeg®.4 and 2.0 sand
from Fig. 4 to calculate the diffusion constant and hence ariound similar low values fok.
average step length in 0.2(sur sampling intervalas 0.61 This low value ofk suggests that an excellent variation of
um. The simulated data in Fig. 5 is quantitatively similar to thjs experiment would be to plot the step probability distri-
the actual data, leading us to assume that there are no objytions for many different time steps and compare the values
ous drifts in our data. This method also was used to eliminatgs k gbtained to the method outlined in Sec. IV A. Does the
particles from slides 1 and 4 that had maximum averaggegy|t we found continue to hold? It would also increase
displacements well beyond what the simulation suggestgonceptual understanding to ask students to predict and
would be reasonable for these slides. sketch how they expect these probability distributions to

change as the time interval increases.

B. Alternate determination of k via probability
distribution V. CONCLUSIONS

We also used our data to plot a distribution of frame-to- - . . .
frame step lengths in the andy directions. With 107 par- The most difficult aspect of our experiment is creating an
. . SO observation cell with no noticeable drift and with a sufficient
ticles and 61 step intervals per particlexrandy, we ob-  onq qyantifiable depth to allow us to ignore sphere-wall in-
tained a list of 13054 individual displacements which Wegractions. We need to improve the method we used, because
plotted (see Fig. 6 as a histogram and normalized by divid- e gid not visually notice the drift in slides one and four
ing by the total number of particles. If we fit this distribution (| \ve analyzed and compared them to a simulated data set.
to Eq. (5), we obtain a self-diffusion constant of Because the viscosity of water is a sensitive function of

D=(0.396+0.06) um?/s (uncorrectedl (190  temperature, the value we obtained fors very dependent

on both the data in Table | and our method of interpolation.
Although an exponential function appears to provide a good
fit from 10°C to 40°C, it would be desirable to have vis-
cosity data that was sampled at smaller temperature intervals
D=(0.402+0.06) um?/s (corrected. (200  than 10°C.

Following the analysis in Sec. IV A, we have to correct for
hydrodynamic effects by increasing the diffusivity by 1.4%
to yield a final value oD of
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Although the values fok are consistent with the accepted >J- Perrin Atoms(Ox Bow Press, New York, 1990pp. 109-133.
value. we remain puzzled by the low value obtained via the‘%ee (http://mww.nobel.se/physics/laureates/1926/index htfat Perrin’s

1 S . . Nobel Prize acceptance speech.
probability distribution. Nevertheless, we have obtained arg"|q e video Miiroscop£Plenum New York, 1986 pp. 111-115.
value fork consistent with the accepted value. Our experi- 8 crocker and D. Grier, “Methods of digital video microscopy for colloi-

ment serves to introduce statistical mechanics concepts in anal studies,” J. Colloid Interface ScL79, 298—310(1996.
engaging way into an upper level undergraduate settinggH- Graden Kirksey, “Brownian motion: A classroom demonstration and
while simultaneously determining a fundamental constant o[oi'wde”t experiment,” J. Chem. Edu&5, 1091-10931988.

nature. . Kruglak, “Boltzmann’s constant: A laboratory experiment,” Am. J.

. . . Phys.41, 344 (1973.
We realize that althoth the hardware for this eXpenmenhl?eese Salmon, Candace Robbins, and Kyle Forinash, “Brownian motion

is (elatively inexpensiye, the softwa(b.abVieW anc! the_ im- using video capture,” Eur. J. Phy83, 249—253(2002.
aging software add 9ris not. Our particular combination of 12See(http://www.ni.comy for more information. We use LabView 6.0 and
software was used because we already owned it and hadheir IMAQ imaging software. The latter adds a host of imaging routines
previously developed tracking routines for an unrelated re- into the LabView environment. Each package costs $129¢tademic
search project. If cost is an issue, a less expensive route magost for a single license. If used fpr t_eaching purposes only, National
be to use IDL?* There are already routines availdileo do nstruments offers a departmental site license for $3995.

. . . . . BR. P. FeynmariThe Feynman Lectures in Physigsddison-Wesley, Read-
particle tracking with IDL, so this method might prove

. . . . ing, MA, 1963, Vol. 1, pp. 41-8—41-10.
worthwhile to those not already invested in LabView. YF. Reif, Fundamentals of Statistical and Thermal PhysibeGraw-Hill,

New York, 1965, pp. 565-567. Reif’s classic text goes into a more in
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THE SOCIAL SYSTEM OF SCIENCE

The social system of science begins with the apprenticeship of the graduate student with a
group of his peers and elders in the laboratory of a senior scientist; it continues to collaboration at
the bench or the blackboard, and on to formal publication—which is a formal invitation to ¢riti-
cism. The most fundamental function of the social system of science is to enlarge the interplay
between imagination and judgment from a private into a public activity. The oceanic feeling of
well-being, the true touchstone of the artist, is for the scientist, even the most fortunate and gifted,
only the midpoint of the process of doing science.

Horace Freeland Judsoithe Search for SolutionéPlayback Associates, 1980Reprinted inThe World Treasury of
Physics, Astronomy, and Mathematitsttle, Brown and Company, Boston, MA, 1991p. 786.
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